We introduce the more general frame sequences and dual frames related to a linear bounded operator K in Hilbert spaces which we call K-frame sequences and dual K-frames, respectively. We give several equivalent characterizations for K-frame sequences. We also investigate the relationships among K-frame sequences, K-frames, and frame sequences, and give a new perturbation result for K-frames by using the associated dual K-frames. It turns out that in many ways K-frame sequences and dual K-frames behave completely differently from frame sequences and dual frames, respectively.
INTRODUCTION

Let
be a separable Hilbert space over the complex field. A sequence { f j } ∞ j=1 in is a frame (an ordinary frame) if there exist constants 0 < A B < ∞ such that
The sequence { f j } ∞ j=1 is said to be a Bessel sequence for if we only require the right-hand inequality of (1) . If (1) holds only for each f ∈ span{ f j } ∞ j=1 , then we call { f j } ∞ j=1 a frame sequence, where span S denotes the closed linear span of sequence S.
One of the essential applications of frames is that they provide basis-like but generally nonunique decompositions for the elements of . In these decompositions, dual frames play a key role. Recall that a Bessel sequence {g j } ∞ j=1 in is called a dual frame for the frame { f j }
Owing to the redundancy and flexibility, frames have applications such as in wireless communication 1 , Σ∆ quantization 2 , sampling theory 3 , and image processing 4 . For details and background on frames see Refs. 5-8.
Gȃvruţa 9 recently presented a generalization of ordinary frames with a linear bounded operator K, named K-frames, when working on atomic systems for operators. From Ref. 9 we know that K-frames possess higher generality than ordinary frames in the sense that the lower frame bound condition holds only for the elements in the range of K and that they allow the reconstruction of the elements from the range of K in a stable way and, in general, the range is not even a closed space. Hence Kframes provide more flexibility and thus make the study of them interesting. Note also that there are many essential differences between K-frames and ordinary frames due to the involved operator K. For instance, we know that an important equivalent characterization of ordinary frames is that the corresponding synthesis operators are bounded and surjective. But for K-frames, it is required that the corresponding synthesis operators are bounded and the range of K is included in the ranges of the synthesis operators (see Theorem 4 in Ref. 9) . Moreover, the roles of the dual K-frame pair cannot be interchanged in general (see Example 3.2 in Ref. 10) , and a K-frame does not admit a dual frame in general (see Example 4 in this paper). For more details on K-frames, see Refs. 11-13. In the study of K-frame theory, we often need to consider sequences which cannot form K-frames for the whole space or we are only interested in expansions for subspaces in some cases. Motivated by this and the fact that the properties of K-frames are quite different from those of ordinary frames, we apply Gȃvruţa's idea in the present paper to introduce the so-called K-frame sequences and investigate their properties. As mentioned above, Kframes are a generalization of ordinary frames and the dual frame is a very useful concept in frame theory. Thus it is natural to extend the dual for frames to the case of K-frames and examine its properties.
The paper is organized in the following manner. We continue this introductory section with a review of some basic definitions and facts on K-frames and operators. In the next section we study the equivalent characterization of K-frame sequences and the relationships among K-frame sequences, K-frames, and frame sequences. The third section deals with the stability of K-frames under perturbations.
Let 1 and 2 be two Hilbert spaces. We denote by L( 1 , 2 ) the set of all linear bounded operators from 1 to 2 and
In the following we always assume that the operator K ∈ L( ) is not equal to zero and that it has a closed range. We use Θ † to denote the pseudo-inverse of the linear bounded operator Θ (if it exists).
The numbers C, D are called K-frame bounds. If the above inequalities hold only for each
is said to be a K-frame sequence.
Remark 1
If K is equal to Id , the identity operator on , then the K-frames and K-frame sequences are just ordinary frames and frame sequences, respectively. 
(analysis operator) (4)
are linear and bounded.
, we will still obtain the associated operators of
j=1 is a frame sequence, then the corresponding synthesis operator T and frame operator S are, respectively, surjective and invertible. In this case, the following reconstruction formula is satisfied.
Later we will also need the following important result from operator theory.
. Then the following conditions are equivalent:
K -FRAME SEQUENCES IN HILBERT SPACES
In general, a K-frame for is a K-frame sequence, but not conversely.
be an orthonormal basis for . Fix N ∈ and define K ∈ L( ) as follows:
It is easily seen that
This is impossible. Hence
We now give a condition under which a K-frame sequence is a K-frame.
is a K-frame for .
Proof : We first show that { f j } ∞ j=1 is a Bessel sequence for . Since
We next prove the lower K-frame bound condition. As mentioned before, every f ∈ has a decomposition as f = g 1 + g 2 , where
The following result shows that we can obtain a K-frame sequence from a frame sequence.
Theorem 2 Every frame sequence in
is a K-frame sequence.
is a frame sequence with bounds C, D and the frame operator S. To prove that { f j } ∞ j=1 is a K-frame sequence, it is sufficient to prove, by Theorem 1, that the lower K-frame bound condition holds. For each
It follows that
as desired. One may wonder whether the converse of Theorem 2 holds. In fact, the answer is negative.
be an orthonormal basis for and define
Clearly, K is a well defined, linear bounded operator
is not a frame sequence. Assume on the contrary that there is a constant
. Let k ∈ be a positive integer which is greater than
, we obtain
is not a frame sequence.
We are now ready to present the result showing that the converse of Theorem 1 remains true if we replace "frame sequence" by "K-frame sequence".
be a frame sequence in with synthesis operator T . Then it is a K-frame for if and only if R(K)
).
Using Lemma 2 and the fact that
, we obtain has a closed range. Hence the pseudo-inverse of (K
) * ) can be written as
It is trivial to show that
At the end of this section we give several characterizations for K-frame sequences.
Theorem 5 Suppose that
is a sequence in . Then the following statements are equivalent: 
Proof : (i)⇒(ii). Let C, D and T be, respectively, the bounds and synthesis operator of
be the canonical orthonormal basis for 2 ( ). Since
Thus {g j } ∞ j=1 is a Bessel sequence for . Now
(ii)⇒(iii). For any f ∈ and any h ∈ span{ f j } ∞ j=1 , we see from (6) that
That is,
〈h, f j 〉g j , from which we conclude that
Suppose that (7) holds. To prove that { f j } ∞ j=1 is a K-frame sequence, we only need to prove the lower bound inequality of the K-frame sequence. For any g ∈ span{ f j } ∞ j=1 we have
where D is the Bessel bounds of {g j } ∞ j=1 . Hence
is the canonical orthonormal basis for 2 ( ).
is a K-frame sequence with bounds C, D and the synthesis operator T . The definition gives
If we let U = T * , we obtain U * δ j = T δ j = f j for all j ∈ and
) U * U.
From Lemma 2 it follows that
Conversely, since U * δ j = f j for each j ∈ , we have
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we know that there exists λ > 0 such that
) λU * U. Thus for each
is a K-frame sequence with bounds λ −1 , U 2 .
a K-frame sequence for if and only if the operator T defined by (3) is well defined, linear bounded and R((K
* | span{ f j } ∞ j=1 ) * ) ⊂ R(T ). Corollary 2 Let { f j } ∞ j=1 ⊂ be a Bessel sequence for span{ f j } ∞ j=1 .
Then it is a K-frame sequence if and only if R((K
* | span{ f j } ∞ j=1 ) * ) ⊂ R(T ).
DUALS OF K -FRAMES IN HILBERT SPACES
. In this case, we call
Remark 2 If K = Id , then dual K-frames are just ordinary dual frames.
Remark 3 By (2), it is easily seen that if {g
Remark 4 From Ref. 9 we know that every K-frame for admits a dual K-frame.
It is well known that, in classical frame theory, the duals of a frame are necessarily frames. One may ask whether there is an analogue for K-frames. The answer is negative, as shown in the following example.
Example 3 Let {e j } ∞ j=1 be an orthonormal basis for and define K ∈ L( ) as follows:
It is easy to check that the adjoint operator K * : → is given by
For f ∈ , since
is not a K-frame for .
Remark 5
One can check that a dual K-frame is necessarily a K * -frame.
We now give a characterization of dual Kframes. Proof : For any f ∈ we have
showing that
. Then the synthesis operator U for {g j } for has a dual frame on the closed subspace R(K) which is derived from a dual K-
. It is natural to ask whether a Kframe admits a dual frame on the whole space . Unfortunately, the answer is negative. 
For any f ∈ we compute that
. For any k ∈ , taking e 2k−1 ∈ , we have
Thus e 2k−1 = g 2k−1 /(2k − 1), and g 2k−1 = (2k − 1)e 2k−1 as a consequence. Now 
has a dual frame on R(K) and S(R(K)) ⊂ R(K), then it is a K-frame for
.
By Lemma 1, ∞ j=1 〈d 1 , f j 〉g j converges and so does
There are two results on the perturbation of Kframes in a Hilbert space in Refs. 10, 11. In the following we give a new perturbation result for K-frames where the associated dual K-frames are involved. 
Proof : Define
Then (i) implies that U is well defined, linear, and bounded with U λ + D. Thus
L is well defined by Lemma 1. Now, for any f ∈ R(K), we obtain
Hence ( 
For all g ∈ , again by Lemma 1, we obtain
〈g, h j 〉∆g j , where
〈g, h j 〉∆g j = 0.
Hence
〈g, h j 〉∆g j .
|〈 f , h j 〉| 2 .
